This article presents a novel numerical model to generate abrasion surface topography. The main difficulty encountered regarding abrasion simulation is the numerical complexity caused by the number of interactions. In addition, the resulting surface topography is not only the result of cutting but also repelling and deforming matter. Thus the geometry is not strictly defined by the intersection between the grains and the mechanical part. Considering both numerical and physical constraints, an implicit geometrical model has been developed. The features of an implicitly defined surface make it a suitable candidate to address abrasion removal phenomenon. Within this formulation, the surface is embedded in a volumetric data set and is retrieved as the set of points having the same field value. Thus, the correlation between a scalar field and the specimen surface has been leveraged to model the abrasive grain actions. The removal action occurs throughout the penalization of the volumetric data field. The extension of each particle interaction range to model the plastic flow is done with negligible additional cost.
Introduction
In an industrial context where production quality must be increased within a controlled impact on production costs, the numerical chain must be mastered at each step with suitable and relevant prediction methods. When it comes to complex surfaces obtained as a result of an abrasion process, the possibilities to predict the geometry are often limited to empirical rules. The simulation of abrasive topography remains a complex issue. The number of interactions involved in the process raises the numerical complexity so that it would require a large computational power. The simulation results are not assured in most cases, let alone obtained in a reasonable time. Mechanical approaches are directly concerned by this complexity. Nevertheless, abrasion processes have been commonly used to improve functional surface quality from raw machined surfaces. The respect of the geometrical definition is mandatory without dragging additional prohibitive costs. In this context, the development of both an efficient and relevant simulation framework for abrasion would lead to increase production quality.
The level of development regarding CAM software in the industry at this time allows simulating machining operations to ensure neither global collisions between tools and mounting devices nor local unwanted interactions with the machined part are encountered. The details scale in this context is not thinner than few millimeters. The time spent to compute the surface may vary from minutes to hours against the number of tool paths involved in the operation. The virtual visualization of the marks, at a lower order of magnitude, induced by the tool against the followed path is achievable in laboratory conditions [1] . The main algorithms developed to compute the machining surface rely either on dexel, voxel or z-buffer. The performance of these methods has been demonstrated with their implementation on general purpose graphical processing unit [2] . Industrial implementation is still required for these laboratory-scaled algorithms to be integrated. Nevertheless, results obtained in this context are compatible with manufacturer expectations in terms of interactivity and rendering speed. These methods are not directly operable for abrasion simulations as the core functions handling the interaction between the tool and the material assumes boolean operations [3] . While this hypothesis permits high-performance computing, the relevance is incompatible with a description of the abrasion process.
On the other hand, applying the concept of continuum mechanics to abrasion is under high investigation in the literature. It defines a framework of equations available to model the inner mechanical equilibrium structuring matter. Single grain scratching and impact have been successfully simulated using both FEM and meshless numerical methods [4, 5] . The efforts are driven toward a better understanding of the mechanisms of abrasion. Output surface topography and efforts correspond to experimental measurements. Having regard to the time encountered to simulate the interaction between a single grain and a sample of a few square millimeters, the application of these mechanical methods to a complete abrasion operation remains unreachable given an industrially compatible computer capability. Based on the previous considerations and the implied shortcomings, an innovative approach to simulate abrasion has been developed. The method presented remains a geometric simulation. Mechanical behavior considerations are emulated through potential equilibrium. The advantages of using implicit surface representation are suited to take into account the complexity of the abrasion interactions while maintaining an efficient computational cost. The application of this framework is already conceivable in an industrial context. This article is organized as follows: section 2 reviews the currents state of the art regarding abrasion modeling and simulation. The reasons to develop an implicit simulation framework are then discussed against the difficulties encountered with abrasion simulation. The core equations of the model and the associated numerical methods are presented in section 3. Finally, a case study is presented in section 4 to confront the numerical outcomes and the model parameters relative influence with experimental data.
Process description and simulation

State of the art
The abrasion process is characterized by the removal of matter under constraints generated by the path of sharp particles. Contrary to machining which is a process where the tool geometry is mastered to cut the material under a well-defined shape, abrasion resulting geometry remains due to arbitrary interactions. The chip thickness, the induced grinding force along with the thermal effects models have been developed. A review of these grinding models has been proposed by [6] and a multiscale review of the experimental and simulation approaches has been proposed by [7] . Several ways of defects have been identified by [8, 9] . Three hypotheses have been made to describe the removal mechanics. The flow hypothesis and the abrasion hypothesis are mechanical interactions inducing high local strain and stress to remove and repel matter. The third category is the chemical action and which is not taken into account in the present study.
Microfatigue Microcracking
Microploughing Microcutting Figure 1 : Abrasion defect mechanisms [8, 9] Among mechanical induced defects, four main schemes have been identified. Microploughing is the result of plastic deformation occurring while a grain gets in contact with the surface. It repels the material which agglomerates at the sides of the groove. This type of deformation induces no material removal. Microfatigue occurs when several grains paths are located in the same area until the material fails. Brittle material like ceramics is more subjected to microcracking as a result of high stress induced by abrasive particles. During the abrasion of hardened steel, microcutting prevails which cut the material in a clean surface. The removal rate is also an influencing parameter. Microploughing occurs during the polishing of soft metals while the removal rate is low, contrary to microcutting which can be observed while the abrasive grains are sharp. The pile up model developed in [10] accounts for the plastic deformation which repels matter at the edge of the scratch in microploughing. The type of interactions encountered depends on the specimen, the abrasive topography and relative hardness. The surface roughness is affected by the type of abrasion mechanisms and results in the summation of this phenomenon whose relative influence is not quantifiable.
To predict the surface obtained following a finishing process from an empirical point of view, several models exist. One of the most common to induce the removal rate is the Preston model [11] (Eq. 1).
This equation reflects the fact that the removal rate is related to both the contact pressure P and the relative velocity V. The Preston coefficient K p is the equivalent for the efficiency of the abrasive tool against process parameters. Several other laws derived from the Preston model have been proposed to improve the prediction relevance.
Klocke [8] has developed a general-purpose model for abrasion (Eq. 2) with two additional degrees of freedom in the equation. This model requires more effort for identification yet offers a wider range of possibilities while modeling various toolworkpiece pairs. Whether are the form of the equations, the laws identified above are mainly used as a description of the interactions but are not yet implemented in simulation on their own.
Mechanical simulations including a material behavior model and a numerical EDP solver have highlighted both phenomena of repelling and cutting material. The numerical implementations are known as finite element method or smooth particle hydrodynamics whether the discretization relies on a mesh or on particles. These methods are the closest numerical way to emulate a specimen under manufacturing process constraints. The simulation results in Fig. 2 by Leroch et al. [12] are in good agreement with the experimental measures. While providing valuable information concerning strain and stress in the specimen, these algorithms imply high computation expenses, thus long simulation time. In this context, using mechanically based algorithms to simulate a complete process abrasion operation is out of reach given a reasonable computing power.
The topography in grinding has been modeled in a significant number of articles as the cinematic mapping of the grinding wheel on the surface [13, 14] . The simulation of the workpiece topography has been numerically obtained with the ZBuffer algorithm. This boolean mapping has been improved with both abrasive characteristics of the grain and workpiece Brinell hardness by [15] . 
Proposed approach
The proposed implicit model tends to simulate material cutting and repelling: microcutting and microploughing in an efficient geometrical model. The surface topography obtained with this model is the results of theses two actions.
The geometric abrasion simulation presented requires the use of a numerical surface description. Two major surface representation methods are commonly used in computer graphics: parametric or implicit descriptions. Parametric surfaces are defined by an explicit evaluation of a function whereas implicit surfaces are extracted as the iso-level contour of a volumetric data set. The material removal during abrasion process modifies the surface. Given an explicit representation, it is mandatory to find a 3D displacement field to move the skin surface. To be relevant, this vector field is often related to a mechanical behavior model. The dynamic equations are integrated to compute a current position of the surface. To the best of our knowledge, there is no definition of displacement vector field which is not based on an underlying mechanical behavior model, apart from machining simulation modeled by boolean operations. Explicit boolean operations lead to efficient algorithms with considerable shortcomings considering physical phenomena which prevent them from being used for abrasion simulation.
An implicit formulation has been chosen to overcome the computation of an explicit deformation field. The implicit formulation has been preferred in computer graphics concerning smooth deformations of objects or intuitive modeling of complex surfaces [16] . The features of implicit surface representation have been successfully adapted to complex surfaces modeling throughout intuitive user interaction and free-form sculpting [17] . Indeed, implicit surfaces have blending properties [18] . The summation of implicit primitives leads to smooth transitions when the addition operator between field values is used. These features are suitable for native modeling of the geometries encountered with microploughing actions. Moreover, this framework allows simulating exact contact between flexible objects and extended deformation beyond the contact area [19] . Finally, using implicit representation is not common in the computer-aided manufacturing community and process simulation. Compared to mechanical simulations, implicit representation of surfaces offers compromises between numerical efficiency and physical emulation relevance.
An implicit surface Γ is the set of points X that is the solution to a scalar equation (Eq. 3). The surface is embedded in a volumetric data set F t which contains both the position of the surface and numerical values in the domain. Eq. 3 means that the variable skin surface of the specimen is defined where the scalar field is zero. Thus, the modification of the volumetric data set F t (Eq. 4) throughout time leads to an evolving surface. The deformation of the surface is done against the action of the abrasive tool under an interaction scheme. The implicit formalism defines the surface where the scalar field F t is null. Thus, the sign of the field is different inside or outside the matter. Within the proposed model, the sign has been positively defined inside the workpiece. This principle is pictured in Fig. 3 . The construction of the initial scalar field F t 0 , given the initial specimen surface, is required to initialize the simulation. This process is an issue which has been addressed in the literature and is often referred as implicitization [20] . The complementary problem of extracting an iso-surface from a scalar field requires solving the equation with numerical methods. This issue has been first addressed by Lorensen and Cline [21] thanks to the well-known marching cube method.
Implicit model
Particle interaction scheme
In the abrasion process, the free surface of the mechanical part evolves under the action of abrasive particles. This evolution has been modeled by means of the deformation of the scalar field F t rather than explicitly interacting with the surface. This implicit model takes into account the fact that the abrasion topography is the result of an equilibrium between particles removal action and the specimen resistance. Considering that a scalar penalty field W is attached to each abrasive particle as defined by Eq. 5, the removal action consists in subtracting this field to the specimen. Eq.6 defines this temporal evolution scheme where F t is the image of the surface according to time. In this context, a basic integration leads to Eq. 7 which defines the evolution of F t from initial to final time.
Figure 4: Abrasive potential W i of a particle
This scheme of surface deformation is parallel and can be implemented efficiently on parallel computational architecture. The initial scalar field F t 0 is responsible for the specimen behavior while the set {W i |i ∈ [1; n]} accounts for each abrasive particle effect on the surface.
Abrasive potential
Each abrasive particle owns a defined scalar potential W i which models its effect on the specimen, which is reproduced by Eq. 7 and pictured in Fig. 4 . Its value modifies the scalar field associated with the workpiece surface. The right definition and parameterization of the particle potential remains mandatory to propose a relevant model of the abrasion process. For performance issues, it is not suitable to have a volumetric set of value rather than a function to generate the effects during the process simulation. Process driven constraints have led to the proposed following parameterization.
The penalty field W is the composition of two functions K • D. Function K has been named the kernel of the abrasive grain and defines its removal influence. A generic form for the particle kernel function is given in Eq. 9.
The kernel function K has been defined as the sum of gaussian kernels. This formulation is commonly used in computer graphics to construct implicit surfaces [22, 18] . The proposed kernel has a compact support over the characteristic distance h (Eq. 9). According to potential F t definition, a positive kernel value leads to matter removal while a negative one accounts for repelling matter. The corresponding graphical representation for the two gaussian functions is plotted in Fig. 5 . This function may be defined once for any particle or vary depending on the own characteristics of each particle. The abrasion interaction follows the general rules below:
1. The action is limited within a defined range which means its potential must be zero far from its center. 2. The maximum influence is encountered close to the center of the particle.
3. Each particle has a characteristic influence radius defined by its own size. 4. The influence on the machined surface decrease with the distance
The schematic representation of these assumptions is presented in Fig. 6 . The four points show the general shape of an abrasive kernel given the constraints of abrasion.
The influence of the three parameters (α, µ, σ) used to define W is pictured in Fig. 6 . Coefficient α accounts for the intensity of the potential. σ allows to modify the influence distance and thus represents the abrasive particle radius. The position of the kernel is modified with the definition of a non-zero value for µ. Other parameterization could have been considered such as kernel based on polynomials expression. Fig. 7 and Fig. 8 highlight the influence of the kernel definition on the response surface. The matter repelled during the process can be modeled by the negative part of the kernel between point 1 and 3 on Fig. 6 . The base particle radius has been plotted in black in Fig. 8 . The resulting surface is not the exact contour of the particle that would have been expected from a boolean operation. The implicit equilibrium between the surface potential and the particle kernel leads to an intermediate contour between the original surface and the particle-based radius.
D is the function which gives the distance between the considered point in 3D space X and the particle center point P i . Thus, the modeling of each abrasive grain leads to a single parameterization for function D. Using Eq. 10, the propagation of the abrasive action is centered on the point P as the function D is based on radial distance. In addition, the distance function can be modified to model the path followed by each grain. For a line, point P i and unit vector U i define the position and orientation of the path in the workspace coordinate system (Eq. 11). This avoids sampling the path as a set of close points with radial basis influence and allows to compute the passage of a grain in a single operation. More complex paths could be modeled in this manner, nevertheless it is suitable that the distance can be expressed as an analytical function. For more complex paths, a local approximation by lines or circles is conceivable. Fig. 9 and Fig. 10 show the surfaces resulting from the two previous distance functions. These surfaces have smooth characteristics since the kernel function K is based on Gaussian kernels.
Initial potential definition
The abrasion simulation presented relies on the definition of an initial potential as stated in the Eq. 7 by the term F t 0 . This field accounts for the raw surface of the specimen before the operation. Its construction is made from the initial surface which is supposed to be known before the beginning of the simulation. The uniqueness of the field is not part of the implicitization method so that other constraints must be imposed. The signed distance field is often used to obtain a solution for this problem. Apart from numerical issues, the value of the field has no influence on the underlying iso-surface for graphical applications. Concerning the specimen modeling, this offers the opportunity to take into account mechanical properties. The field has been defined by Eq. 12 and the corresponding graph is plotted in Fig. 11 . 
Numerical implementation
An implementation as been done with the PyOpencl library [23] , which is a binding between Python and OpenCl. This allows both implementation efficiency and computational performances. The surface extraction from the scalar field defined above in Eq. 3 requires the use of a numerical spatial discretization. The scene is defined as a rectangular bounding box which is sliced according to a given step as shown in Fig. 12 . This leads to a set of points on a grid. Each of these points carry a scalar field value and thus allows using the marching cube algorithm [21] . The parallel implementation in question in this study has been done following the algorithm 1. The complete simulation requires the computation of the penalty field induced by P abrasive grains over a grid of N points. The complexity of the algorithm is thus defined by C = N.P. Contrary to mechanical simulations which requires a step by step resolution of the equations, the implicit model proposed allows to obtain the surface topography as a result of an acausal simulation. The main limitation of the implicit representation comes from the number of grid points N which may reach high value if the volume area which contains the workpiece surface is important. One grid point = one process for each abrasive particle X a do compute distance D between X g et X a evaluate K according to D subtract K from F(X g ) end extract surface from scalar field F
Numerical investigations
The objective of this study is to highlight the main features of the presented model against the main involved parameters. For this study, a small rectangular area is investigated and the path of the grains have been assumed to be linear and evenly distributed over the spatial domain. The resulting interactions between grains and workpiece aim at improving the surface roughness by a succession of operations with increasingly finer grains. The macroscopic surface parameters that have been studied are the mean height of the surface and the surface roughness. The mean height of the surface is defined in Eq. 13. Eq. 14 (ISO 25178-2) defines the surface roughness as the integral of the mean height z relative to the median plane of the surface. These criteria are used to provide a global overview of the surface topography.
Two cases have been considered for this first evaluation of the model. Among the parameters, the number of grain paths has been studied to observe the evolution of the surface characteristics during the abrasion operation. The relative height of the grains as well as grain radius have been changed to investigate their respective influence. The investigation presented in the following sections is divided in three main scenarios. The first one consists in paths at constant height, the second is linear varying height against the number of paths and in the third one, the grain size influence is investigated.
Path generation
The test surface is a plane which normal z is upward and vertical. The relative motion between the tool and the workpiece has been modeled by an uniform distribution of lines. Let ∆ x and ∆ y be the dimensions of the bounding box of the surface. The paths of the grains are assumed to be parallel to the surface with an evenly distributed orientation and position. To obtain such a set of lines, the angle α for the line orientation is a random variable following a uniform distribution between 0 and π. The position is determined with only one parameter as the distance to the center of the surface domain. This distance r is also a random variable between 0 and R. 
The rectangular area which has been isolated is 2 mm wide. The set of Eq. 15 defines the path generation and completes the Fig. 13 . The two parameters r and α are used to generate the lines followed by each grain. Each line is defined by one point and one normal, which leads to the following set of n lines:
Since the lines are assumed to be parallel to the surface, coefficient w is set to zero for any line. The relative height of the lines z is constant for one set of lines L k . Thus, this set defines a scalar field as the sum of each contained line (Eq. 17).
The definition of grain paths requires to compute the number of paths against time given a certain abrasive distribution in order to compare the results for different grain sizes. The abrasive paper characteristics are defined by the (ISO 6344) standard.
Eq. 18 defines the number of grain paths given process parameters and time. V is the relative velocity between the abrasive and the workpiece, J g is the density of grains per surface unit and l is the perpendicular length of the workpiece relative to the velocity. The geometric modeling proposed in this section may not accurately reflect the characteristics of real statistical distributions encountered during abrasion. The problem of path identification given a real process is not assumed. There is not reason against the usage of the model with more complicated and relevant paths depending on the application.
Simulations
The results presented have been simulated on a desktop computer which processor is an Intel i7-4770HQ. For all the simulations considered in this study, a single spatial grid has been used. Its characteristics are given in Table 1 . Fig. 18 pictures one example of the surface rendering after line scratching by multiple grains. In these conditions, the simulation time to compute the topography resulting from the abrasion is approximately a few milliseconds, whose majority is used to extract the surface using the marching cubes algorithm. Several approaches in the literature can be found to optimize the performances and complexity of the extraction algorithm [24, 25] . In the various performed tests, the number of grain paths does not influence the calculation time since it is much lower than the number of points in the spatial grid.
Dimensions The simulations can be run several times successively. The number of lines n k in one set and the height of the lines z k of each line set W l k can be changed from one step to another to model evolution of the distribution of the grains. After surface extraction, the main characteristics z mean and S a are exported at each step. The abrasion simulation has been done with the three types of abrasive paper presented in Table 4 .
Number of paths influence
The proposed approach of constant height has been studied to evaluate the numerical limit of the model under high number of paths. The functional characteristics enhancing is the result of multiple grain paths. These paths have been generated according to the algorithm presented in section 4.1. In a first approach, the height z k of the grains has been fixed. Fig. 19 shows the evolution of the surface topography at the beginning of the simulation. An increased radius of the grains leads to deeper scratches and the depth of the paths is more important at intersections. This is due to the fact that the simulated surface is the result of a summation over the abrasive field, thus the value of the scalar field is more impacted at lines intersections locations.
Given an initial field F t 0 , the influence of the number of paths is studied. The evolution of surface roughness is plotted in Fig. 14 . The repetition of paths first generates scratches, then the peaks are worn progressively while the depth of the valleys remains constant. As a consequence, the surface texture is damaged in the early stage of the simulation and the maximum surface roughness value is related to the grain size. While the number of lines reached increases, the surface roughness tends to zero whether the size of the grains or the relative surface height. As great numbers of paths are reached, the distribution leads to a uniform penalization field. Thus the resulting surface tends toward a smooth plane which explains the tendency of the surface roughness toward zero. The final numbers of paths are listed in Table 2 . Constant height gives unrealistic results while a certain number of lines are reached because it does not allow to reproduce the stagnation of surface roughness [26] . Experimentally, it is not possible to obtain mirror finish surface with low surface roughness using coarse abrasive tools. 
Abrasion rate influence
In real abrasion process, the contact pressure is imposed so that the grain path is established according to the pressure exerted and the surface in contact. As the surface wears, the abrasive tool follows the surface and the grains descend. Since the model presented is based on geometry, it was first chosen to emulate this behavior by varying the height of the paths. The relevance of this path generation strategy to simulate abrasion is questioned in this section.
One grain size has been fixed for all the simulations (Type 1). The required input value for the simulations is the abrasion rate according to number of paths. Regarding abrasion experiments, this rate is generally given in mm.h −1 , thus it has to be converted in mm per grain.
Eq. 19 defines the rate of descent δ z per grain path. φ g represents the flux of grains over the surface. The flux of grain is defined as the time derivative of the grain path number function (Eq. 18). Thus, the flux can be computed as the product of the relative velocity V, the grit paper density J g and the length of the domain l. Using the flux of grains over the surface, the Preston wear rate can be related to the rate of descent δ z per grain. This allows to link process parameters to number of paths for Three descent rates have been studied and are listed in Table  3 . Fig. 15 shows the evolution of surface roughness for the three different descent rates. The surface roughness does not tend to zero with this approach because the surface is continuously worn. Considering one grain size, increasing the abrasion rate leads to a higher surface roughness value. Within this approach, peak are flatten yet new valley are created from lower paths. This generates a constant texture state over time. The relation between surface texture and the rate of descent is coherent with a geometrical analysis of the problem. 
Grain size influence
The overall polishing process is composed of severals steps. Given an abrasive size, experimental investigations showed the surface roughness stagnates at a certain value [26] . Thus, the required final surface roughness is obtained by several operations with increasingly finer grit size. In the simulation, this behavior is modeled by the succession of line sets L k with different kernel parameters.
In this section the influence of grain size is evaluated. Although the grain kernel parameters have been set once for each type of abrasive paper. It would be possible to define the kernel for each grain independently. The simulations have been run successively without reinitializing the surface when grain size are changed. The descent rate have been fixed for every cases at −20 mm/h. The number of grain paths is increased until the surface roughness stagnates, then the grit size is changed. The evolution of S a is plotted in Fig. 16 . The surface roughness stagnates at three different levels. The evolution of the simulated surface condition is comparable and coherent in general form to the experimental results obtained by roughness measurements Type 1 (P240) Type 2 (P600) Type 3 (P1200) Figure 17 : Evolution of Ra according to the time [26] ( Fig. 17) . Finer grain radius allows to obtain smoother surfaces while coarse paper allows to remove the greater defects. Differences remain between the simulation and the experimental results, probably due several physics phenomena, such as abrasive wear, grinding sludge, possible reduction of the removal rate according to time, which are not currently included in the simulation.
Conclusion
An implicit model of the abrasion process has been developed to simulate surface topography. This model proposes a geometrical definition of the interaction between the grains and the part. The characteristics of the implicit surfaces and the associated deformations allow to natively model the cutting and repelling phenomena observed during abrasion. Moreover, there are minor additional calculation costs involved in pushing the material on either side of the scratching mark. Relevant preliminary results have been obtained with the numerical implementation presented. Topographies of abraded surfaces of a few square millimeters were simulated under the action of hundreds of thousands of grains. Moreover, the implicit formulation allows to simulate the topography resulting from abrasion operations under industrially compatible time. The macroscopic surface roughness evaluation shows the surface becomes smooth if the number of paths is increased without reducing the relative height. Both grain size and relative distance definition during the process have an influence on the surface roughness. The proper physical evolution of the relative height remains under investigation as it is linked to the pressure contact between material and abrasive tool. Within the proposed kernel parametrization generated surface are smooth and sharp edges are not taken into account in the model. Modifications of the kernel formulation and the numerical scheme to update the scalar field are under investigations to address this question. 
